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ABSTRACT

One of the most important issues yet to be overcome by engineers is the integrity and
reliability of engineering structures. This is to ensure the safety of the engineering
structure is at the greatest since the catastrophic failures usually occur due to fatigue crack
growth. Due to insufficient studies on the fatigue embedded crack growth, the prismatic
bar is chosen as the model of the structure. It is wise to select the solid bar since the
analysis can be much simpler, thus making it easier to examine the behaviour of the
fatigue crack growth. In this study, the metallic square prismatic with embedded cracks
is analysed using S-version Finite Element Modelling (S-version FEM) under tension
loading. The S-version FEM is an open source program, that is built from codes
previously compiled as a program. The S-version FEM structured using the global-local
overlay technique consists of two separate global and local meshes. By using the basic
concept from the energy release rate and stress intensity factors (SIF), the behaviour of
the fatigue crack growth is analysed. From the linear elastic fracture mechanics concept,
the SIF is calculated using the virtual crack closure-integral method. The influences of
different initial crack size and aspect ratios on the fatigue crack growth are investigated
in this study. In addition, the SIF results from the S-version FEM are compared with the
analytical solutions. From the analysis, the root mean square errors (RMSE) are
performed to support the validation. The RMSE shows a very small error of 0.227, 0.086
and 0.3089 according to the aspect ratio of 0.5, 1.0 and 2.0, respectively. The results also
show significant characteristics and behaviour of the SIF trend along the crack front,
corresponding to different aspect ratios. From this study, the S-version FEM is suitable
to be used to predict the fatigue crack growth for the cracks embedded in a structure.
Subsequently, the S-version FEM is an open source program can be modified for
increasingly complex engineering problems.
Keywords: Fatigue analysis, fatigue crack growth rate, 3-D embedded cracks, S-version
FEM.
INTRODUCTION
For more than four decades, many researchers have worked on the fatigue and fracture
on various engineering structures. However, the deterioration of the engineering
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structures still becomes a challenge for the engineers to overcome. Several examples of
engineering structures are used often in automotive components, aircraft manufacturers,
bridges, buildings and many more [1]. This deterioration phenomenon occurs due to the
cyclic stress, known as fatigue and should be detected before it reaches the threshold. The
threshold occurs at stresses below the monotonic yield strength and for many years,
researchers have conducted various tests to predict the fatigue due to the relationship with
the safety of human beings [2-7]. Therefore, it is considered as one of the critical area for
researchers to study in order to prevent any catastrophic incidents. One of the most critical
engineering structures is the nuclear power plant. It not only benefits consumers by
providing them with electricity, but it also reduces the level of pollution tremendously
compared to plants operated using coal and gas. However, every structure will have the
tendency to deteriorate. When that happens, the nuclear power plant will become the
worst enemy for the consumers due to the radiation leakage [3]. Therefore, researchers
were then and currently working on studies to prevent the nuclear power plant structure
from deteriorating. Non-destructive testing (NDT) is commonly used to perform the
structural integrity for a nuclear power plant and oil and gas structures [8]. In addition, a
study related with numerical computation especially on the crack growth is still
insufficient due to most crack growth studies only being related to surface cracks and not
internal cracks [9, 10]. The cracks are not only initiated from the surface of a structure,
but could also start from the inside thereof [11-13]. Thus, it is very crucial to configure
the behaviour of the embedded crack since it is not visible to the naked eye.
The numerical computation is used in various engineering fields, especially when
it relates to the structural analysis for the oil & gas pipeline, vehicle components or
nuclear power plant [14, 15]. For the past two decades, researchers have started to
appreciate the use of numerical computations in solving numerous engineering problem
[16]. It is commonly used to investigate the power plant [15], in automotives or aircraft
[17, 18] and for the fatigue life assessment [12, 13, 19-23]. Nowadays, there are several
commercial software applications that are available in the market for finite element
modelling (FEM) [24-26]. These software applications are not only expensive, but only
several of them are able to simulate crack propagation appropriately. In addition to the
FEM, there are techniques that were developed to enhance the existing FEM. The Sversion of the finite element method (S-version FEM) is one of the techniques developed
to improve the computational process and its results. The original concept of the S-version
FEM was developed by Fish [27] and the author has highlighted the word “S” for
superimposed meshes. The simplest explanation regarding the superimposed mesh is that
global and local meshes are both overlaid to focus on the local effects, such as holes or
cracks, and to reduce the computational effort especially on large structures. In this study,
the embedded crack is located inside the prismatic bar and the finite element analysis is
performed using the S-version FEM. The embedded crack is referred to as local mesh and
the prismatic bar is referred to as global mesh. The biggest contribution by using the
superimposed technique is the computation process only focusing on the local domain
instead of on the whole domain used by the existing FEM software. A special subroutine
is needed to embed the cracks inside the structure while using the superimposed
technique. The S-version FEM is developed from codes before being compiled as an open
source program. The concept and formulation using the S-version FEM technique will be
discussed in the next section.
In order to simulate the crack propagation, the SIF needs to be calculated. In
general, the calculation of the SIF is calculated by applying the virtual crack closureintegral method (VCCM) [28]. The theory of linear elastic fracture mechanics entails the
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benefit of computing the energy release rate on the nodal forces and displacements. It is
known that both of them are the results of the finite element method. Several researchers
also confirm that by calculating the SIF, it is essential to indicate the distribution of the
crack growth along the crack front [25, 29]. In this study, the SIF for the embedded cracks
are being compared with the analytical solutions by Newman & Raju [30] corresponding
to the difference in aspect ratios. The work presented in this study is a continuous study
performed for surface cracks [9]. It can be used for various engineering problems, such
as multiple embedded cracks, multi-axial fatigue, heat affected zones and more since it is
an open-source program. In this study, the S-version FEM is used to predict the fatigue
crack growth on a square prismatic bar with embedded cracks under tension loading.
METHODS AND MATERIALS
Concept and Formulation of the S-Version FEM
The concept of the S-version FEM is shown in Figure 1. In this study, the S-version FEM
is used to simulate a single embedded crack under tension loading. A much simpler
definition of the S-version FEM is the superposition mesh or the superimposed mesh. It
consists of a global (coarser mesh) and local mesh (finer mesh) and both are superimposed
in order to reduce the computation time without jeopardising the accuracy. The global
mesh, , is generated according to the geometry before getting overlaid by the local
mesh,
. The local mesh is representing the shapes and sizes of the cracks,
correspondingly. The boundary of each region is represented by , where the
superimposed boundary is represented by
, whilst the boundary of the displacement
and force (traction) is represented by and respectively.

Γt
Global Mesh, ΩG

ΓGL: uL = 0

ΓG
Superposition

Local Mesh, ΩL

Γu
Figure 1. Concept of the S-version FEM.
The displacement function is defined independently for each global and local area.
The displacement, , for each is represented by
and for the global area and local
area, respectively. As shown in Figure 1, the displacement for the local area, , is
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assumed to be zero to ensure the continuity of the global area and local area boundary.
Respectively, Eq. (1) indicates the displacement function for the global and local area
whilst Eq. (2) refers to the virtual work principle;
(1)

From the virtual work principle:
(2)
The displacement functions in Eq. (1) are then applied to the virtual work principle
in Eq. (2) and shown in Eq. (3):
(3)

Thus, the final form of the S-version FEM is obtained in this following matrix
form, as shown in Eq. (4):
(4)
where, the final form of the matrix is obtained and shown in Eq. (5)

(5)

Notice, the
and
matrix is symmetric and it represents the stiffness
matrix of the superimposed area. is the element strain-displacement matrix and matrix
represents the stress-strain relationship of the material [31]. The nodal forces for the
global and local areas are the
and
, respectively. By using the final matrix of
the S-version FEM in Eq. 4, the displacement can be calculated for each node
simultaneously for both global and local cases. As the local mesh is growing accordingly,
the global mesh is not changing along since the only region of interest is within the
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boundary of the crack front. The re-meshing process did also not include the global mesh;
hence, the use of the superposition technique can reduce the computation time. The stress
intensity factor (SIF) is calculated along with the expansion of the local mesh by using
the energy release rate formulation.
The SIF is mainly used to predict the crack growth by computing the stress state
at the crack tip. In order to obtain the SIF, the energy release rate must be first calculated
by using several established methods. The virtual crack closure method (VCCM) is one
approach that computes the energy release rate. The VCCM was developed by Rybicki
[32] in 1977. The energy release rate, , formula is shown by the following equation:
(6)
where
(7)

Eq. (7) is important to acquire the changes in the displacement by using the
VCCM. Where the and are both representing the nodal points for the forces, , and
displacement, , near the crack tip. Figure 2 shows details of the illustration for the
VCCM and the meaning of the upper and lower nodal forces and displacement.

Figure 2. Concept of VCCM.
Once the energy release rate is obtained, the SIF can be computed by using the
following equation;
(8)
where ,
and
are the mode I, mode II and mode III types of loading. The most
widely known Paris’ law [33] is very essential to predict the fatigue crack growth rate. It
is suitable to be used for the 2D or 3D problem and the following equation shows Paris’
law:
2515
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(9)
where, /dN is the crack growth rate and is the number of cycles. The Paris’ law
constant is selected according to the material chosen, correspondingly is 1.67 x 10-12
and is 3.23, both emanates from the material constants.
The consideration of the crack growth rate and crack growth direction is needed,
especially for mixed-mode loading cases. In this study, reference is only made to pure
mode I loading conditions, but the crack growth direction and equivalent stress intensity
factors,
are still taken into account and represented correspondingly by Eq. (10) and
Eq. (11). Therefore, the S-version FEM is able to compute the mixed-mode type of
loading, by integrating the Richard criterion into the codes. Hence, the equivalent stress
intensity factors equation is used in this study. Richard et al. have always been focusing
on the study of crack growth and developed a criterion for the crack growth direction.
The details of explanations can be found from [34, 35].
(10)
where
for
, and
. Notice that the
value is affecting
the direction of the crack, as shown in
Figure 3. It shows the crack growth angle used to calculate the direction for the crack
propagation along the crack front. The equivalent SIF,
is based on Richard’s
criterion expressed by Eq. (11).
(11)
where
,
, and
represent the range of stress intensity factor for mode I,
mode II and mode III, respectively.

ck
ra t
C ro n
F

Figure 3. Crack growth angle.
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RESULTS AND DISCUSSION
3D Embedded Crack Simulation
This section will be presenting the 3D embedded crack simulation. As mentioned earlier
in this paper, the S-version FEM is an open source program. It is built in codes and written
in C# programming language and compiled into an open source program. All the
formulations discussed in the last section were used to develop this program and the
results will be presented and discussed in this section. The S-version FEM is coded and
compiled using the Intel C# Compilers (ICC). The program is divided into three, the pre
and post-processor and also the engine (formulation of the S-version FEM). The preprocessor will be used to model the structure, determining the boundary conditions and
material properties. Figure 4 is showing a simpler illustration for the location and the
boundary condition of the simulation. The initial crack is located at the middle of the
square prism and is perpendicular to the loading axis. The geometry of the square
prismatic is 20mm by 20mm with a length of 80mm. Note that in this paper, a is
representing the crack depth and c is the crack length. Boundary conditions were set to
repeat the tension test. The bottom of the plate is fixed in all directions and the upper side
is pulled with a uniform load of 100 MPa. The material selected for the square prism is
A533B steel. The steel is a high toughness material and it is desirable for evaluating the
energy release rate [36]. The material properties of the steel alloy consist of 210 GPa for
the modulus Young’s (E) and 0.29 for the Poisson ratio ().

Uniformly distributed
load

h

Z

2a

t

t

2c

Y

Y
X

X

w

w

Figure 4. Location of the embedded crack and simulation conditions.
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The original concept of the S-version FEM was developed by Fish [27] following
the linear elastic fracture mechanics (LEFM) concept. The author has highlighted the
word superimposed meshes in the research paper. The simplest explanation regarding the
superimposed mesh is that the global and local meshes are both overlaid. It is focusing on
the local effect such as void or cracks with effort in reducing the computational effort
especially on large structures. The figure below is showing the pre-processor of the Sversion FEM. The post-processor results will be presented later on in the next section.
The structure is modelled and hexahedral meshes are used in this simulation. Figure 5(a)
illustrates the square prismatic bar also known as the global mesh.
Figure 5(b) indicates the embedded crack further known as the local mesh. The
local and global meshes were modelled using the 20-node hexahedral element. The
hexahedral element is used to enhance the capability of the S-version FEM to calculate
the VCCM [37].

(a)

(b)

Figure 5. Pre-processor of the S-version FEM (a) global mesh of a square prismatic bar.
(b) Local mesh of the embedded crack.
Crack Growth Behaviour Corresponding to the Aspect Ratios
This section will be discussing and presenting the result of fatigue embedded crack
growth corresponding to three different aspect ratios. The behaviour of the crack growth
due to the aspect ratio to characterise the behaviour of the SIF trend and the how the
fatigue embedded crack propagated. The crack growth behaviour corresponding to
different aspect ratios is constructed from the results of the stress intensity factors (SIF).
To differentiate the sizes and shapes of the aspect ratios, the local crack’s length varies
from 2 mm to 4 mm to resemble the aspect ratios as shown in
Table 1. The selected case study in this paper is using an aspect ratio (a/c) of 0.5, 1.0 and
2.0 respectively, besides using a constant stress ratio (R) of 0.1. The R = 0.1 is often used
for tension-tension cyclic loading, where
.
is the minimum
stress and
is the maximum stress applied to the prismatic bar, relatively from the
cyclic loading history. Furthermore, R = 0.1 is used by several researchers for the fatigue
testing of an oil & gas pipeline [10, 25], aircraft components and nuclear power plants
[29].Several researchers used the 0.1 stress ratio to study the crack propagation for semielliptical surface cracks [9, 10], the crack propagation for plasticity-induced crack
closures [38] and multiple crack interactions [39]. a is the crack depth and c is the crack
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length. Figure 6 shows the differences in crack shapes between the three aspect ratios.
The 1.0 aspect ratio is in a perfect circular shape and it will be used as a benchmark for
the 0.5 and 2.0 aspect ratio. Hypothetically, the SIF trend along the crack front using 1.0
a/c is the most stable without a significant fluctuation. The reason will be discussed later
on in this paper. Figure 7 is giving a better illustration to understand the position and
angular direction for the crack front. This is important in order to subsequently understand
the SIF results. The results for the embedded fatigue crack growth will be presented and
discussed. Three different shapes and sizes of the embedded crack are located inside a
square prismatic. Each of the cracks is consecutively simulated using the S-version FEM
and aspect ratios (a/c) of 0.5, 1.0 and 2.0.
Figure 8 is presenting the SIF results for all three aspect ratios compared with the
analytical solution from Newman & Raju [30]. The comparison shows a very good
agreement between the results obtained by FEM and closed form solution.
Table 1. Initial crack sizes and aspect ratios.
Crack Length, c Aspect Ratio Stress
(mm)
(a/c)
Ratio, R
4
0.5
0.1
2
1
0.1
2
2
0.1

(a)

(b)

(c)

Figure 6 Embedded crack corresponding to the aspect ratio (a/c), (a) 0.5, (b) 1.0, (c) 2.0
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Figure 7. Position and angular direction of the crack front.
From the graph, it is clear that the a/c of 1.0 shows almost a flat trend along the
crack front, similar to the hypothesis mentioned in the last paragraph. The angular
direction ( ) is referred in order to determine the SIF value along the crack front. This is
due to the SIF value indicating the possibility for the crack to be propagated. Hence,
wherever the SIF’s value is large, there is a higher tendency for the crack to grow. The
highest SIF is recorded from the 2.0 aspect ratio. This happens because the value of SIF
does indeed reflect onto the crack types, shapes and sizes. The reason is because of the
fatigue crack growth occurring at the largest area of the crack.

Stress Intensity Factors (MPa√mm)

8
7
6
5
4

0.5 SFEM
0.5 NR
1.0 SFEM
1.0 NR
2.0 SFEM
2.0 NR

3
2
1
0
0

90

180

270

360

Crack Front Angle (°)

Figure 8. Comparison of stress intensity factors, KI between the S-version FEM and
Newman and Raju’s [30] for a 0.5, 1.0 and 2.0 aspect ratio (a/c).
That is the reason why the highest value of the SIF is recorded at the location
where the crack can easily propagate, instead at the tight and corner area. In addition, the
correlation analysis is performed to ensure the accuracy of the results. The RMSE results
show a low value of error between both the S-version FEM and Newman & Raju [30].
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The lowest value is presented by the aspect ratio of 1.0 and followed by 0.5 and 2.0
showing a low RMSE value of 0.086, 0.227 and 0.3089, respectively.
Figure 9 is showing the post-processor of the S-version FEM, by exhibiting the
stresses contour around the crack front. The higher stresses contour around the crack front
is indicating that the crack will grow if the cyclic loading is applied continuously. The
yellowish colour around the crack front indicates that the higher stress occurred, thus
enabling the crack to propagate. Therefore, it supports the idea of the tendency for the
crack to grow at a larger crack area besides having a higher SIF value. It is quite difficult
to see the stresses variation for
Figure 9(a) and (c). However,
Figure 9(b) shows a clearer contour with brighter yellow colour indicating higher
stresses occurring around the crack front. Figure 10 represents the comparison of the
crack length versus the number of cycles with different aspect ratios. The results show a
higher number of cycles recorded by a 1.0 aspect ratio compared with 0.5 and 2.0,
correspondingly. The same behaviour was obtained by [40] where a lower fatigue life
was predicted for the a/c ≠ 1.0. The reason is due to a smaller size of the initial crack and
steadier crack growth propagation. The 2.0 aspect ratio inclination is greater than the 1.0
and 0.5 aspect ratio. This is due to the higher SIF recorded by the 2.0 aspect ratio
compared with 0.5 and 1.0, respectively. Therefore, the lowest number of cycles is
recorded compared to the others.
[MPa
] 750

0

-750
(a)
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[MPa]
500

0

-500
(b)
[MPa]
700

0

-700
(c)
Figure 9. Behaviour of the stresses contour along the crack front corresponding to
(a) 0.5 aspect ratio. (b) 1.0 aspect ratio. (c) 2.0 aspect ratio.
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Crack Growth (mm)

1

2.0 a/c
1.0 a/c
0.5 a/c

0
0

1
10
Number of Cycles (Millions)

100

Figure 10. Comparison between crack growth and the number of cycles corresponding
to the aspect ratios.
CONCLUSIONS
The computational S-version FEM integrated with VCCM is presented to predict the
fatigue crack growth behaviour. This study adopted the superimposed FEM theory and
used the automatically re-generated meshing. This will reduce the computational time and
memory usage. The prediction of fatigue crack growth for an embedded crack using the
S-version FEM was successfully performed under tension loading. Hence, the fatigue
crack growth results were compared between different aspect ratios according to the SIF.
The SIF value correlates with the tendency for the crack to grow. For a tight and sharp
corner crack shape, a smaller value of SIF is obtained, hence preventing the crack to
propagate. The wider areas are producing much higher SIF values compared with the
tighter areas. Wherever the SIF value is large, it implicates the possibility for the crack to
grow. Therefore, the highest value of SIF resulted in regions where the crack can easily
propagate. Finally, the comparison between the S-version FEM and Newman & Raju [30]
shows a good agreement for the SIF corresponding to the aspect ratios. In addition, the
correlation analysis was performed and a low RMSE value of 0.227, 0.086 and 0.3089
was obtained corresponding to the aspect ratio of 0.5, 1.0 and 2.0, respectively. Hence,
proving the capability of the S-version FEM to simulate the fatigue embedded crack
inside a prismatic bar.
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